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Exotic Baryons in Chiral Soliton Models
H. Weigel1
1Institute for Theoretical Physics, Physics Department,
Stellenbosch University, Matieland 7602, South Africa
Abstract. We cautiously review the treatment of pentaquark exotic baryons in chiral soli-
ton models. We consider two examples and argue that any consistent and self-contained
description must go beyond the mean field approximation that only considers the clas-
sical soliton and the canonical quantization of its (would-be) zero modes via collective
coordinates.
1 Introduction
Exotic baryons carry quantum numbers that cannot be constructed as products of three quark states.
In this discussion, which is based on Refs. [1–3], we will examine and review their description in the
framework of chiral soliton models; see Ref. [4] for a recent review on these models. We distinguish
between two types of exotic baryons; those with only the three light flavors (up, down, strange) and
those that contain heavy flavors like charm and bottom. Though their description in soliton models
is fundamentally different, both require a three flavor quantization of the soliton and considerations
beyond the mean field approach.
It is important to stress that exotic baryons are actually resonances. Hence they must be observed
in scattering processes. To put this into the context of chiral soliton models we first investigate pen-
taquarks with light flavors and their role in the Skyrme model description of kaon nucleon scattering.
By definition of solitons, no term linear in meson fluctuations, that eventually could be identified as a
Yukawa interaction, should emerge. If it does, it is a mere short-coming of approximating the exact
time-dependent soliton solution. Rather, in scattering the resonance content must be directly analyzed
to obtain the widths of (collective) resonances. This implies that the decay width may not be estimated
from axial current matrix elements of the collectively excited classical soliton. In turn, this suggests
that mean field approaches as e.g. in Refs. [5–8] are not appropriate to describe resonance widths
for hadronic decays. The full calculation indeed requires the introduction of both, collective and har-
monic excitations of the classical soliton. The canonical formulation of these fluctuations also induces
the constraints needed to avoid double counting errors. An alternative approach that approximates the
collective fluctuations to be harmonic is known to be exact in the academic limit of infinitely many
color degrees of freedom (NC → ∞). Since our approach may be applied to any (odd) value NC we
compare and indeed find identical scattering data when NC → ∞.
The second example deals with pentaquarks that contain a single heavy quark (charm or bottom)
or anti-quark. The central element of heavy quark physics is the corresponding spin-flavor symmetry
that predicts a degeneracy of heavy pseudoscalar and vector mesons [9, 10]. A model with only
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chiral fields in a mean field formulation [11]1 will not be sufficient because it cannot combine these
fields in a single multiplet. The model must be augmented accordingly with these additional fields
and couple them to the chiral soliton. This advances the bound state approach to strangeness [13]
and particularly shows that the heavy meson bound state selects the appropriate S U(3) representation
for the light flavor (up, down, strange) component of the baryon wave-function which models the
light diquark structure. Basic heavy baryons select the anti-triplet and the sextet. Pentaquarks with
a heavy anti-quark relate to the anti-sextet while those with a light anti-quark have light flavors from
the anti-decapentaplet.
2 Chiral soliton models
Chiral soltion models are low-energy models for baryons. They are based on the conjecture, resulting
from large NC considerations of QCD, that baryons are described as soliton solutions of a non-linear
effective meson theory [14]. At low energies chiral symmetry is governing this effective theory. The
most prominent such model is the Skyrme model [15], which was firstly applied to static baryon
properties in Ref. [16]. That model only contains the pseudoscalar mesons and is too simple for a
detailed description of baryon properties.2 Here wewill nevertheless base our arguments on this model
because it nicely illuminates the structure of chiral soliton models: In most aspects the generation of
baryons states via canonical quantization of the soliton’s collective motion is the crucial ingredient
while the microscopic details are of lesser relevance.
We are dealing with three light degrees of freedom so that the effectivemeson theory is a functional
of the chiral field U(~x, t) ∈ S U(3). Except for flavor symmetry breaking, the theory is invariant under
global chiral transformations U → LUR† while symmetry breaking terms transform as the eighth
component of an octet of the vector subgroup L = R. The Skyrme soliton itself is a mapping from
configuration space to S U(2). In the presence of flavor symmetry breaking it must be embedded in
the isospin subgroup to minimize the classical energy. Then the static soliton assumes the hedgehog
structure
UH(~x ) =
 exp
(
i~ˆx · ~τ F(r)
)
0
0 0 1
 . (1)
The profile function F(r) (called chiral angle) is obtained from the variational principle to the clas-
sical energy, Ecl. The boundary condition F(0) = π and limr→∞ F(r) = 0 enforces unit topological
charge, which is identified with the baryon number [18]. The classical energy only plays a minor
role in the soliton picture of baryons because the soliton model is not renormalizable so that quantum
corrections (the vacuum polarization energy) are difficult to control [19]. Hence we focus on baryon
mass differences in which both the classical and the vacuum polarization energies cancel.
In the next step towards generating baryon states, time dependent solutions must be obtained.
These are not known but there are two major approximations in three flavor models. One is based on
the so-called bound state approach [13] that introduces harmonic fluctuations in strangeness direction.
We will get back to this approach in the context of heavy baryons. The other approximation introduces
time dependent collective coordinates for the (approximate) vector symmetry [20]
U(~x, t) = A(t)UH(~x )A
†(t) with A(t) ∈ S U(3) , (2)
1Listing the references on the mean field description for heavy baryons in soliton models can hardly be exhaustive. The
interested reader my trace them from the review [12].
2For example, other meson fields are needed to reproduce the neutron-proton mass difference [17]. Consult the review [4]
for further examples.
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thereby generalizing the two flavor procedure of Ref. [16]. Integrating over space yields the collective
coordinate Lagrangian (flavor symmetry breaking excluded, for the time being)
L = −Ecl[F]+ 1
2
α2[F]
3∑
i=1
Ω2i +
1
2
β2[F]
7∑
α=4
Ω2α −
NC
2
√
3
Ω8 where Ωa = −itr
[
λaA
†(t)
dA(t)
dt
]
.
(3)
The moment of inertia tensor separates into non-strange (α2) and strange (β2) components due to the
particular embedding, Eq. (1). These are functionals of the soliton and the actual value depends on
the particular model though they are always O(NC). The last term is only linear in the time derivative
with a fixed coefficient. In purely mesonic theories it arises from the Wess-Zumino term [21] while
in chiral quark soliton models it stems from the interaction of the chiral field with self-consistently
constructed quark fields [22].
3 Collective coordinate quantization with three flavors
The generation of baryon states proceeds by canonically quantizing the angular degrees of freedom in
A(t). This introduces eight right S U(3) generators
Ra = − ∂L
∂Ωa
=

−α2Ωa = −Ja, a = 1, 2, 3
−β2Ωa, a = 4, .., 7
NC
2
√
3
, a = 8 ,
(4)
that are subject to the commutation relations [Ra,Rb] = −i fabcRc. A Legendre transformation yields
the Hamiltonian for the collective coordinates
H − Ecl = 1
2α2
~J
2
+
1
2β2
7∑
α=4
R2α + HSB(A) =
1
2
(
1
α2
− 1
β2
)
~J
2
+
1
2β2
C2[S U(3)]−
N2
C
24β2
+ HSB(A) ,
(5)
where C2[S U(2)] =
∑8
a=1 R
2
a is the quadratic Casimir operator of S U(3). Again flavor symmetry
breaking terms have not been made explicit in HSB(A). We diagonalize this Hamiltonian subject to
the constraint YR =
2√
3
R8 =
NC
3
. Since [H,R8] = 0 this can be directly imposed on the eigenstates.
Without symmetry breaking these are elements of S U(3) representations.
For NC = 3 we have YR = 1 and the representations with the lowest C2 eigenvalues are the octet
(J = 1
2
) and the decuplet (J = 3
2
) [20]. Their Young tableaux and particle content are shown in Fig. 1.
In Young tableaux a single box represents a quark while the adjoint, stands for either two quarks or
an antiquark, depending on the prescribed baryon number. Hence, for unit baryon number, the octet
and decuplet represent three quark composites.
However, higher dimensional representations also solve the (flavor symmetric) eigenvalue prob-
lem. Examples are the anti-decuplet and the 27-plet that are shown in Fig. 2. The Young tableaux
interpretation immediately reveals that these higher dimensional representations contain baryons with
additional quark anti-quark pairs. Even more, some baryons in these representations have quantum
numbers corresponding to exotic, non-three quark states3. The most prominent example is the Θ+
pentaquark in the anti-decuplet whose valence quark content is suudd. The C2 eigenvalues of the
3To the author’s knowledge the occurrence of these exotic baryons in the collective quantization scheme was first noticed
by Biedenharn and Dothan [23].
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Figure 1. Young tableaux and particle content of the low-lying S U(3) representations.
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Figure 2. (Color online) Young tableaux and particle content the anti-decuplet and the 27-plet S U(3) represen-
tations. Red circles indicate exotic baryons that cannot be built from three quarks.
octet and the anti-decuplet are 3 and 6, respectively. Hence, in a flavor symmetric world the mass
difference between the Θ+ and the nucleon would be 3/2β2 (for NC = 3).
These higher dimensional representations play another important role when including S U(3)-
flavor symmetry breaking that is reflected by the hadronmasses varyingwith their strangeness content.
The eigenstates of the collective coordinate Hamiltonian are no longer elements of a specific S U(3)
representation. Rather, baryon states with identical quantum numbers from different representations
mix as the perturbative diagonalization of C2 + 2β
2HSB nicely reveals [24]. Even more, as pointed
out by Yabu and Ando [25] this operator can indeed be diagonalized exactly (numerically) and higher
order effects may be relevant in particular cases. We will get back to this in the context of heavy
baryons.
4 Θ mass and width
The essential question is: Do exotic elements of higher dimensional representations stand for sensible
resonances, or are they merely artefacts of the collective coordinate quantization? This issue arises
already in the simpler two flavor version that predicts an exotic spin J = 5
2
state well below 2GeV [26].
To answer this question for soliton model calculations, it is imperative to recall the meaning
of resonances in potential scattering. In the particular case of single channel potential scattering a
resonance is signaled by the transition of the phase shift through π
2
with a positive slope [27]. To
identify the potential, time dependent harmonic fluctuations about the classical soliton, Eq. (1) are in-
troduced [28]. When augmenting the rotating hedgehog, Eq. (2) by time dependent fluctuations linear
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terms emerge that couple to the collective rotations. In early soliton model studies these terms were
identified as Yukawa interactions and their transition matrix elements were used to estimate widths of
∆-resonances [16]. An alternative to compute a width from a transition matrix element was to identify
the pion field with axial current of the rotating soliton. This was justified as a generalized Goldberger-
Treiman relation and was applied to the Θ+ suggesting a surprisingly narrow resonance [5, 6]. Yet this
generalization is questionable since the soliton field equation is the same for S U(2) and S U(3) but the
axial currents are not [2]. As a matter of fact, additional 1/NC contributions to the axial current are not
accounted for in PCAC. Neither does the soliton part of the chiral field correspond to an asymptotic
meson state.
In any event, by pure definition of the soliton as a stationary point of the action there cannot
exist a term linear in small amplitude fluctuations. If it nevertheless emerges, it just reflects that
the background configuration is at best an approximation to the actual soliton. Thus there is natural
scepticism on plain Yukawa interactions in soliton models. This was definitely recognized early on as
there have been numerous attempts [29] to improve on the ∆-width estimate of Ref. [16].
When examining resonance scattering processes in soliton models there is no alternative to treating
simultaneously the small amplitude fluctuations that correspond to asymptotic states and the collective
rotations. At first sight this suggests double counting effects. However, Dirac constraints emerge that
abandon Yukawa interactions, at least from the local and flavor symmetric part of the action. The
Skyrme model description of this procedure is described in detail in Ref. [1] for the Θ+ channel in
kaon-nucleon scattering. It combines rotations (collective motion) and vibrations (fluctuations) and is
therefore called rotation-vibration-approach (RVA)4. The key features of this approach are:
1)The field equations are solved in two steps, first for the soliton and second for the (constraint)
fluctuations. These are the two leading orders in the 1/NC counting. Consequently the above
mentioned inconsistency with PCAC is not an issue for the RVA.
2)The interaction between the collective models and the constrained fluctuations can be written as a
separable potential that is similar to a resonance exchange. Reaction matrix theory can be applied to
this potential to compute the exchange phase shift δE = δE(NC). The NC dependence originates from
the matrix elements of the collective coordinate operators in the separable potential. As indicated
after Eq. (5) they need to be taken between elements of representations that vary with NC .
3)Up to a small (a few MeV) pole shift, δE passes through
π
2
exactly at the momentum given by the
mass difference between theΘ+ and the nucleon predicted by the collective coordinate Hamiltonian,
Eq. (5). Modulo flavor symmetry breaking effects, this difference decreases by a factor of two when
going from NC = 3 to NC → ∞.
4)The reaction matrix formalism also derives a width function from the separable potential. Up to
flavor symmetry breaking this width function contains the matrix element of a single collective
coordinate operator between the nucleon and the Θ+. It is therefore impossible that substantial
cancellations between matrix elements of several operators occur as was argued in Ref. [5].
5)The BSA gives exact results in the NC → ∞ limit. It is possible to modify the BSA such that the
scattering fluctuations are orthogonal to the rotations described by the flavor rotations in Eq. (2).
For both BSA versions scattering phase shifts can be computed and their difference is the resonance
phase shift δR.
The litmus test for the RVA is then whether or not limNC→∞ δE(NC)
?
= δR. The left panel of Fig. 3
impressively shows that this identity holds over the whole range of relevant kaon momenta.
4The omission of fluctuations, Eq. (2) is called the rigid-rotator-approach (RRA) and finding the scattering data for the
decoupled fluctuations goes by the label bound-state-approach (BSA)[13].
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Figure 3. (Color online) Skyrme model results for phase shifts and decay widths of kaon nucleon scattering in
the Θ+ channel.
There are two important conclusions from this Θ+ analysis in the Skyrme model: First, the pen-
taquark resonance (state) is unavoidably predicted, it is not an artifact of the rigid rotator approach.
Second, the large NC predictions from this model calculation are based on the hedgehog structure
of the soliton rather than on the particular model Lagrangian. Hence it is cogent that these predic-
tions generalize to all chiral soliton models, thereby challenging results from the RRA reported in
Refs. [5, 6].
5 Heavy baryons
When turning to heavy baryons, not only those with exotic quantum numbers, consistency with the
heavy quark spin/flavor symmetry [9, 10] is the major requirement to model building. Essentially it
states that for hadrons containing heavy quarks, spin and flavor effects are suppressed by inverse pow-
ers of the heavy quark mass. In turn this implies for effective mesons theories that heavy pseudoscalar
and vector mesons are on equal footing5. This particularly implies that baryons with a heavy quark
cannot be constructed as solitons within models solely based on the (pseudoscalar) chiral field.
A suitable approach is to include vector (Vµ) and pseudoscalar (P) fields with masses M∗ and M,
respectively [31]. These fields represent mesons containing a single heavy quark and by themselves
are three component vectors in flavor space that couple to the chiral field. When M∗ and M approach
infinity, Vµ and P combine to a single multiplet whose dynamics is governed by the heavy quark
spin/flavor symmetry. In the baryon sector the hedgehog configuration, Eq. (1) induces an attractive
potential for Vµ and P such that bound state solutions with energies |ω| < M emerge. Many approaches
based on this picture have been reported earlier [32].
To leading order in the 1/NC counting, these energies are the mass differences between baryons
with a single heavy quark and the nucleon. More importantly, since the hedgehog dwells in the isospin
subspace of the three dimensional flavor space, so does the two-component bound state wave function
of the heavy meson fields [31]:
Pb.s. ∝ e−iωt
(
ψp(~x )
0
)
and V
µ
b.s.
∝ e−iωt
(
ψ
µ
p(~x )
0
)
.
5For an infinitely heavy quark, they are elements of a single multiplet [30].
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Figure 4. S U(3) representations for the diquark content of ordinary heavy baryons.
As in Eq. (2) collective coordinate quantization approximates the full field by the classical field rotat-
ing in flavor space: P(~x, t) = A(t)Pb.s and V
µ(~x, t) = A(t)V
µ
b.s.
. With
P˙ = −Pie−iωtA(t)
ω + 12
8∑
a=1
Ωaλa
 Pb.s. = −ie−iωtA(t)
ω + 1
2
√
3
Ω8 +
1
2
7∑
a=1
Ωaλa
 Pb.s.
and similarly for Vµ(~x, t), it is obvious that the Lagrangian contains contributions linear in Ω8. Ap-
propriate normalization [33] of the bound state wave function, substitution into the Lagrange density
and integrating over space provides the collective coordinate part of the Lagrange function from the
heavy fields [3]
Lh(Ωa) = −ωχ†χ + 1
2
√
3
χ†Ω8χ +
ρ
2
χ†
(
~Ω · ~τ
)
χ . (6)
Here χ is the Fourier amplitude of the bound state wave function. Upon quantization χ†χ becomes
the number operator for the bound state. Furthermore ρ is a functional of all profile functions and
describes the hyperfine splitting among the heavy baryons (see Eq. (8) below). To linear order the
angular velocities Ω4, . . . ,Ω7 do not contribute because the bound state wave function dwells in the
isospin subspace.
The main result to be extracted from Eq. (6) is its contribution to the constraint (assuming NC = 3
from now on) [3, 34]
YR = 1 − 1
3
χ†χ −→ 3 − nH
3
, (7)
where nH = +1 when the bound state corresponds to a heavy quark (0 < ω < M) and nH = −1
when the bound state corresponds to a heavy antiquark (0 > ω > −M). Hence for a bound heavy
quark the lowest lying S U(3) representations are the anti-triplet and the sextet . Obviously
these representations describe the uds-diquark content of the heavy baryons. The particle content of
the representations is displayed in Fig. 4. Of course, none-occupation (nH = 0) of the heavy meson
bound state falls back to the ordinary baryons, as in Fig. 1.
Quantizing the canonical momentum ~R = − ∂L
∂~Ω
yields the intermediate spin quantum number
R. The hedgehog structure causes R to equal the isospin of the zero strangeness element in a given
representation. That is, R = 0 for the anti-triplet and R = 1 for sextet. Adding the intrinsic spin of the
heavy meson bound state gives the total baryon spin ~J = −~R − χ†(~τ/2)χ. In total the mass formula
reads [3]
M − Ecl =
(
1
α2
− 1
β2
)
R(R + 1)
2
+
ǫ
2β2
− 3
8β2
(
1 − nH
3
)2
+ |ω|nH + ρ
2α2
[J(J + 1) − R(R + 1)]nH , (8)
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Figure 5. (Color online) Young tableaux and particle content of the anti-decapentaplet (15). Black circles denote
ordinary diquarks whose quantum numbers relate to two quark states. Double circles indicate two states with
different R quantum numbers. Red circles denote exotic states that cannot be built from two quarks.
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Figure 6. (Color online) Flavor symmetry breaking eigenvalues for states that at λ = 0 are pure 15 states, cf.
Fig. 5. The parameter λ measures the strength of symmetry breaking.
where ǫ is the eigenvalue obtained from diagonalizing flavor symmetry breaking:
{C2[S U(3)]+ 2βHSB}Ψ = ǫΨ for prescribed I, R and YR [25]. Factorizing 2βHSB = λΓSB,
with ΓSB a fixed value determined from the profile functions, we consider λ =
2ms
mu+md
a tuneable
parameter to eventually study non-linear effects of flavor symmetry breaking. Model results for the
baryon spectrum computed from Eq. (8) have been reported in Ref. [3] and there is no need to repeat
them here. However, it is important to stress that, both the constraint on YR, that selects the relevant
S U(3) representation(s), and the form of the hyperfine splitting (last term in Eq. (8)) inherently arise
from the model calculation once compulsory extensions of the mean field treatment are implemented.
This makes fully obsolete the adjustment of the classical action (using external specifications) to
accommodate the heavy sector as in Ref. [11]. Such an accommodation causes the moments of
inertia (α2 and β2) to vary with nH and may even require to modify the leading order (in 1/NC) field
equation. Stated otherwise, without an extension of the mean field approach the heavy and light
sectors cannot be connected consistently.
Similar to the anti-decuplet (10) in the non-heavy sector the next to lowest representation, the anti-
decapentaplet (15), shown in Fig. 5, plays a twofold role for the spectrum of heavy baryons. First, the
15 contains diquarks with the same (observable) quantum numbers as the members of the 3 and/or 6.
When diagonalizing flavor symmetry breaking these member states mix to build the eigenfunctions
Ψ. Second, the 15 contains exotic members (red circles in Fig. 5) that represent composites of three
quarks and an anti-quark from the uds sector. In Fig. 6 we show the flavor symmetry breaking eigen-
value of these states as a function of the strength of the symmetry breaking. We actually observe that
ICNFP 2018
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the order of the eigenvalues for Ξ and Σ type states is reversed as the strength assumes its empirical
value, λ ∼ 20. Also the eigenvalue for Bc, the candidate for the lowest charmed exotic baryon, signifi-
cantly deviates from a straight line. These findings doubt the truncation of the perturbation expansion
at the first order [35] when describing the spectrum of these states. The fact that eigenvalues grow
less than linear also leads to a lower prediction for the masses of the exotic heavy baryons. Using the
parameters as determined in Ref. [3] predicts
M(Bc) − M(Λc) ≈ 495MeV , M(′′Ξ′′c ) − M(Λc) ≈ 530MeV , M(′′Ω′′c ) − M(Λc) ≈ 670MeV
for the mass differences of the charmed exotic baryons.
Finally let us have a brief look at pentaquarks with a heavy antiquark. They are constructed from
heavy meson bound states with negative energy eigenvalues. The resulting binding energy is signifi-
cantly less than that of ordinary bound states and may even be unbound in the charm sector [31]. Since
negative energy eigenvalues correspond to nH = −1 and YR = 43 , the lowest dimensional representation
available is the anti-sextet (6) representing four (light) quarks as shown in Fig. 7. This representation
has R = 0 and thus the states must be compared to those from the anti-triplet. The collective coor-
dinate quantization induces a mass difference M(6) − M(3) = 2
β2
+ sym. breaking ∼ 300MeV which
is much larger than the typical binding energy. Hence this model estimate suggests that such baryons
most probably do not exist.
6 Summary
We have reviewed two examples for the description of exotic baryons in chiral soliton models. The
main purpose of this endeavor has been to reflect on conceptual issues rather than any accurate repro-
duction of empirical data by tuning parameters. Though most of the results are based on the Skyrme
model treatment of the chiral field, they generalize to any chiral model with a hedgehog soliton.
Exotic baryons naturally emerge in chiral soliton models as elements in higher dimensional rep-
resentations when quantizing the three light flavor degrees of freedom. Then these baryons are flavor
rotational excitations so that their excitation energy may be significantly lower than expected from the
respective constituent quark masses. Of course, there is reason to assume this soliton model predic-
tion could be a mere artifact of the collective coordinate approximation. However, a careful analysis
of the Θ+ pentaquark reveals that this is not the case and the Θ+ indeed shows up as a resonance
in the Skyrme model analysis of kaon nucleon scattering. As a by-product of this analysis we have
seen that any estimate of the hadronic width of (exotic) baryon resonances must include the subtle
interplay of collective and vibrational modes. Obviously such estimates are more complicated than
just generalizing the Goldberger-Treiman relation.
In the context of baryons with a heavy quark (or antiquark) we have seen that the heavy meson
bound state wave function, when properly included in the collective coordinate approximation, auto-
matically selects the pertinent light flavor representation. This concerns both types of exotic heavy
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baryons, those with a heavy antiquark as well as those with a light antiquark. The presented approach
does not account for a back-reaction of the heavy meson bound state on the chiral field. Since the
bound state couples at O(N0
C
) this will not affect the soliton itself because it obeys a field equation that
arises from the O(NC) part of the action.
The main conclusion is that the description of exotic baryons within chiral soliton models is not
complete on the mean field level. It would require specifications from the outside which are not
guaranteed to be consistent within the model itself. As examples thereof we have argued against the
fabrication of a Yukawa coupling and the adjustment of the constraint that selects the flavor S U(3)
representation. On the contrary, the proper incorporation of (harmonic) fluctuations, which goes
beyond the mean field approach, produces these specifications in a self-contained manner. Hence
such fluctuations are essential to understand the structure and properties of exotic baryons in chiral
soliton models.
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